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Abstract

Empirical work on asset prices suggests that pricing kernels have to be almost perfectly

correlated across countries. If they are not, real exchange rates are too smooth to be con-

sistent with high Sharpe ratios in asset markets. However, the cross-country correlation of

macro fundamentals is far from perfect. We reconcile these empirical facts in a two-country

stochastic growth model with segmented markets. A large fraction of households either do

not participate in the equity market or hold few equities, and these households drive down

the cross-country correlation in aggregate consumption. Only a small fraction of households

participate in international risk sharing by frequently trading domestic and foreign equities.

These active traders are the marginal investors, who impute the almost perfect correlation in

pricing kernels. In our calibrated economy, we show that this mechanism can quantitatively

account for the excess smoothness of exchange rates in the presence of highly volatile stochas-

tic discount factors.
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1 Introduction

A striking disconnect exists in international finance between the evidence gathered from asset

prices and that gathered from quantities. When markets are complete, no arbitrage implies that

the percentage rate of depreciation of the real exchange rate (RER) is given by the difference

between the domestic and the foreign stochastic discount factors. We know from the data on

RERs and asset prices that the volatility of RERs is much smaller than the volatility of the

stochastic discount factors. Hence, the evidence from asset markets implies that the stochastic

discount factors are highly correlated across countries. In fact, Brandt, Cochrane, and Santa-Clara

(2006) conclude that the correlation of the stochastic discount factors is close to one. However, the

quantity data paint a different picture. In standard representative agent models, the correlation

of pricing kernels is identical to the correlation of aggregate consumption growth. Empirically, the

correlation of aggregate consumption growth is below 50% for most industrialized country pairs.

In this paper, we address this disconnect between prices and quantities in international finance.1

Household finance may hold the key to this disconnect. Standard macro-finance models assume

that aggregate risk has been distributed efficiently across households, but in our model most

households do not bear their share of aggregate risk. In equilibrium, a large amount of aggregate

risk is borne by a relatively small number of sophisticated investors, who participate in both

domestic and foreign equity markets. Thus, country-specific risk is concentrated among a small

pool of sophisticated domestic and foreign investors. These investors achieve a higher degree of

risk sharing among themselves than the average investor in these countries. Hence, the marginal

investor’s consumption growth is highly correlated across countries, but the average investor’s is

not. This mechanism can quantitatively account for the excess smoothness of the RER in the

presence of stochastic discount factors that satisfy the Hansen-Jagannathan bounds.

Our approach is firmly grounded in the empirical evidence on household finance. These studies

have found that most households do not purchase all assets available on the menu.2 In fact,

the composition of household asset holdings varies greatly across households even in a developed

country like the United States. Only 50% of U.S. households participate in the equity market,

according to the 2010 Survey of Consumer Finance. The nonparticipation rate is even higher in

other developed countries. Even among the participants in the equity market, many investors trade

1When markets are incomplete, the percentage rate of depreciation of the RER is not identical to the difference
between the domestic and the foreign stochastic discount factors. However, Lustig and Verdelhan (2015) show that
market incompleteness cannot quantitatively resolve these puzzles without largely eliminating currency risk premia.

2See Guiso and Sodini (2012) for an excellent survey of this literature.
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only infrequently and do not rebalance their portfolios. The heterogeneity in observed portfolio

choices is consistent with a highly uneven distribution of risk across investors. In particular, the

investors who do not participate in the equity market bear no aggregate risk.

In the quantitative exercise, we parameterize our model to match the world economy, in which

the United States is the home country and the foreign country is the sum of France, Germany,

Japan, and the United Kingdom. In our benchmark economy, we find that the international

correlation of the pricing kernels exceeds 97%, while the international correlation of consumption

growth is only 17%. Despite the high volatility of the pricing kernels, the high correlation of

pricing kernels together with a high market price of risk yields a 9.4% standard deviation of RER

depreciation, which is close to the data.

International trade in goods markets plays an essential role in solving this puzzle. Without

goods trade, domestic households would not receive payments from abroad and hence would choose

not to hold foreign assets. The importance of goods trade for international risk sharing is well

documented by Fitzgerald (2012). She finds that frictions in the goods markets limit risk sharing

for both developed and developing countries. These frictions in the goods markets generate a

home bias in consumption. However, for analytical simplicity, we do not introduce trade friction

parameters. Instead, we model a home bias in consumption by the preferences specification and

the introduction of the nontraded good. In our quantitative exercise, we illustrate that a home

bias in consumption is necessary for generating volatile exchange rates.

Some work related to this puzzle that modifies the preferences or the properties of cash flow

growth in a standard representative agent model. Colacito and Croce (2011) endow the represen-

tative investor with non-time-separable preferences that impute a concern about long-run risk in

consumption. When long-run risk is highly correlated across countries, the pricing kernels become

highly correlated even though aggregate consumption growth is not. Farhi and Gabaix (2008)

rely on correlated disaster risk instead. In related work, Stathopoulos (2012) analyzes a model in

which the representative investor has preferences with external habit persistence. External habit

formation creates an accumulative effect on pricing kernels from the past history of consumption

growth that also generates highly correlated pricing kernels, despite the low correlation in current

consumption growth.

Our main contribution to the literature is the integration of the micro evidence on household

portfolio choices into a general equilibrium model to solve the exchange rate smoothness puzzle first

articulated by Brandt, Cochrane, and Santa-Clara (2006). Our model does not require nonstandard
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preferences or aggregate risk specifications. Instead, the mechanism in our model relies on the

skewness of the cross-sectional distribution of aggregate risk. To be precise, aggregate risk is

concentrated among a small fraction of households that also share aggregate risk with a small

fraction of foreign households. The risk distribution is driven by heterogeneous portfolio choices,

which are strongly supported by the empirical evidence.

In addition, our study contributes to the emerging literature that integrates international

portfolio choice into international macroeconomics. Specifically, we demonstrate the importance

of household portfolio heterogeneity in open economies, whereas the majority of open-economy

macroeconomic models rely on a representative agent framework. Recent studies by Coeurdacier

and Rey (2013) and Pavlova and Rigobon (2010) are prominent examples of this line of work. Most

international macroeconomic models assume either incomplete markets with only one asset or a

complete market environment without heterogeneity in trading technologies. Although a complete

menu of assets is traded in our model, we allow for heterogeneity in household trading technologies

because it is strongly supported by the data. Our model creates a role for the heterogeneity in

trading technologies that we observe in the data. Therefore, our model provides a laboratory for

studying the consequences of the cross-sectional heterogeneity in portfolio choices on exchange

rates.

The rest of our study is organized as follows. The next section describes our model. The

quantitative results and counterfactual exercises are detailed in Section 3. Section 4 concludes our

study.

2 The Model

2.1 Environment

We consider an endowment economy with two countries, home and foreign. There are a large

number of agents in each country. Each country is endowed with a nontraded good and an export

good. For simplicity, we assume that home households consume the nontraded good and the foreign

export good. Likewise, foreign households consume the nontraded good and the home export good.

Time is discrete, infinite, and indexed by t ∈ [0, 1, 2, ...). To have a stationary economy,

we assume an identical average growth rate for each country, while the actual growth rate may

deviate from the average one. More specifically, let lnmt and lnm∗
t be the percentage deviation of
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endowment from the growth trend. Then, the country-specific endowment in period t is

lnYt = t ln g + lnmt,

lnY ∗
t = t ln g + lnm∗

t ,

where g is the average growth rate of endowment of both countries. The output growth process is

therefore governed by the evolution of m, which follows the following AR(1) process:

lnmt+1 = ρ lnmt + εt+1, εt+1 ∼ N(0, σ2
ε)

lnm∗
t+1 = ρ lnm∗

t + ε∗t+1, ε∗t+1 ∼ N(0, σ∗2
ε ).

Let zt denote the history of aggregate states up to period t. In each country, a constant fraction

λ of the endowment is the nontraded good, and the rest is the export good:

Yn(z
t) = λY (zt) and Yx(z

t) = (1− λ)Y (zt)

Y ∗
n (z

t) = λY ∗(zt) and Y ∗
x (z

t) = (1− λ)Y ∗(zt),

where Yn, Yx, Y
∗
n , and Y ∗

x denote endowments of home nontraded, home export, foreign nontraded,

and foreign export goods, respectively.

Aggregate income is divided into two parts: diversifiable income and nondiversifiable income.

Claims to the diversifiable income can be traded in financial markets while claims to nondiversifiable

income cannot. We assume a constant share of nondiversifiable income, α, across countries and

time. The nondiversifiable component is subject to idiosyncratic stochastic shocks. These shocks

are i.i.d. across households in a country. We use ηt and η∗t to denote the idiosyncratic shock in

period t for the home and the foreign countries respectively. Then, ηt and η∗,t denote the history

of idiosyncratic shocks of home and foreign households, respectively.

We use π(zt, ηt) to denote the unconditional probability of that state (zt, ηt) will be realized.

The events are first-order Markov and their probabilities are assumed to be independent between
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z shocks and η or η∗ shocks:

π(zt+1, ηt+1|zt, ηt) = π(zt+1|z
t)π(ηt+1|ηt)

π(zt+1, η∗,t+1|zt, η∗,t) = π(zt+1|z
t)π(η∗t+1|η

∗
t ).

2.2 Preferences

The household derives utility from consuming composites of goods,

∞∑

t=1

βt
∑

(zt,ηt)

c(zt, ηt)1−γ

1− γ
π(zt, ηt), (1)

where γ > 0, 0 < β < 1. The parameter γ denotes the coefficient of relative risk aversion, β is the

time discount factor, and c(zt, ηt) is the consumption basket. The home consumption basket is a

Cobb-Douglas composite of the nontraded good cn and the foreign export good c∗x,

c(zt, ηt) = cn(z
t, ηt)θc∗x(z

t, ηt)1−θ.

The parameter θ ∈ [0, 1] represents a home bias in consumption and governs the relative preferences

over the nontraded and foreign export goods.

Similarly, the preferences for the foreign households are given by

U ({c∗}) =

∞∑

t=1

βt
∑

(zt,ηt)

c∗(zt, ηt)1−γ

1− γ
π(zt, ηt), (2)

where γ > 0, 0 < β < 1. The foreign basket is similarly defined as

c∗(zt, ηt) = c∗n(z
t, ηt)θcx(z

t, ηt)1−θ.
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2.3 Correlation of Consumption Growth

Given the preferences, the aggregate consumption basket becomes a composite of the home non-

traded good and the foreign export good endowment:

C(zt) = Yn(z
t)θY ∗

x (z
t)1−θ. (3)

Likewise, foreign aggregate consumption is a composite of the foreign nontraded good and the

home export good:

C∗(zt) = Y ∗
n (z

t)θYx(z
t)1−θ. (4)

Although trade flows are exogenously determined by the preferences specification, the RER

and consumption growth correlation are endogenous to shocks on endowment. To see why, notice

that the resource constraints in (3) and (4) and the endowment imply that

∆lnC(zt) = θ∆lnY (zt) + (1− θ)∆lnY ∗(zt)

∆lnC∗(zt) = θ∆lnY (zt) + (1− θ)∆lnY ∗(zt),

With a symmetric assumption, σ(∆lnY ) = σ(∆lnY ∗), where σ(X) denotes the standard deviation

of X . Let ρ(X,X ′) denote the correlation between variables X and X ′. Then, we can derive the

consumption growth correlation as

ρ(∆lnC,∆lnC∗) =
2θ(1− θ) + (θ2 + (1− θ)2)ρ(∆lnY,∆lnY ∗)

(θ2 + (1− θ)2) + 2θ(1− θ)ρ(∆lnY,∆lnY ∗)
. (5)

The parameter θ crucially governs the correlation of consumption growth in our model. If

θ = 1, then ρ(∆lnC,∆lnC∗) = ρ(∆lnY,∆lnY ∗). In this case, the preferences exhibit a complete

home bias in consumption, and hence there is no goods trade between the two countries. If θ = 0.5,

then ρ(∆lnC,∆lnC∗) = 1. The perfect correlation in consumption growth arises when there is no

home bias in consumption.
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2.4 Leverage and Assets Supply

In each country, three types of assets are available: state-contingent bonds, risky equities and risk-

free bonds. Both risky equities and risk-free bonds are claims to the diversifiable income. Equities

represent a leveraged claim to aggregate diversifiable income. The leverage ratio is constant over

time and denoted by φ. Let Bt(z
t) denote the supply of a one-period risk-free bond in period t in

the home country and Wt(z
t) denote the price of a claim to home country’s aggregate diversifiable

income in period t. With a constant leverage ratio, the total supply of Bt(z
t) must be adjusted

such that

Bt(z
t) = φ

[
Wt(z

t)−Bt(z
t)
]
.

By the previous equation, the aggregate diversifiable output can be decomposed into the interest

payment to bondholders and payouts to shareholders; the total payouts, including cash dividends

and net repurchases, denoted Dt(z
t), are

Dt(z
t) = (1− α)Y (zt)− Rf

t,t−1(z
t−1)Bt−1(z

t−1) +Bt(z
t), (6)

where Rf
t,t−1(z

t−1) denotes the home risk-free rate at period t−1. For simplicity, our model assumes

that the supply of equity shares is constant. As a result, if a firm reissues or repurchases equity

shares, it must be reflected by Dt(z
t) in our model. Similarly, the supply of foreign bonds is given

by

B
∗

t (z
t) = φ∗

[
W ∗

t (z
t)− B

∗

t (z
t)
]
,

while the payouts on foreign equity are given by

D
∗

t (z
t) = (1− α∗)Y ∗(zt)−R∗f

t,t−1(z
t−1)B

∗

t−1(z
t−1) +B

∗

t (z
t), (7)

where R∗f
t,t−1(z

t−1) denotes the foreign risk-free rate at period t− 1.

Finally, we denote the value of total home equity or a claim to total payouts on Dt(z
t) by

Vt(z
t). Likewise, we denote the value of total foreign equity or a claim to total payouts on D

∗

t (z
t)

by V ∗
t (z

t). The gross returns of home and foreign equities, or Rd
t,t−1(z

t) and R∗d
t,t−1(z

t), respectively,
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are therefore given by

Rd
t,t−1(z

t) =
Dt(z

t) + Vt(z
t)

Vt−1(zt−1)
(8)

R∗d
t,t−1(z

t) =
D

∗

t (z
t) + V ∗

t (z
t)

V ∗
t−1(z

t−1)
. (9)

2.5 Heterogeneity in Trading Technologies

There is significant portfolio heterogeneity not only across countries but also across investors within

a country. To capture such heterogeneity, we implement the approach adopted by Chien, Cole, and

Lustig (2011) and exogenously impose different restrictions on investors’ portfolio choices. These

restrictions apply to the menu of assets that these investors can trade as well as the composition

of households’ portfolios.

There are two classes of investors in terms of their asset trading technologies. The first class

of investors faces no restrictions on portfolio choices and the menu of tradable assets. Specifically,

these investors trade a complete set of contingent claims on the domestic and the foreign endow-

ment. We call these investors Mertonian traders. They optimally adjust their portfolio choices

in response to changes in the investment opportunity set. Hence, they act as currency market

arbitrageurs and price exchange rate risk in our model.

The second class of investors faces restrictions on their portfolios and are called non-Mertonian

traders. Specifically, their portfolio composition is restricted to be constant over time. We as-

sume two types of non-Mertonian traders as follows: The first type are non-Mertonian equity

investors, who can trade domestic equities and the domestic risk-free bonds. The other type are

non-participants, who invest in only the domestic risk-free bonds. Even though the portfolio com-

position of non-Mertonian traders is exogenously given, they can still optimally choose how much

to save.

Non-Mertonian equity investors deviate from the optimal portfolio choices in two dimensions.

First, they cannot change the share of equities in their portfolios in response to changes in the

market price of risk, which indicates missed market timing. Second, their portfolio share in equities

might deviate from the optimal one on average.

We denote the fraction of different types of investors in the home country and the foreign

country by µj and µ∗
j , where j ∈ {me, et, np} represents Mertonian investors, non-Mertonian
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equity investors, and nonparticipants, respectively.

2.5.1 Trading of Mertonian Investors

We start by considering a version of our economy in which all trade occurs sequentially. Securities

markets are segmented. Only the Mertonian traders have access to all securities markets. A

home Mertonian trader who enters the period with net financial wealth at(z
t, ηt) in node (zt, ηt)

has accumulated domestic claims worth aht(z
t, ηt−1)) and claims on foreign investments worth

aft(z
t, ηt−1):

at(z
t, ηt−1) = aht(z

t, ηt−1) +
aft(z

t, ηt−1)

et(zt)
,

where aht denotes the payoff of state-contingent claims in the home country expressed in terms

of the home consumption basket, and aft denotes the payoff on foreign state contingent claims

expressed in terms of the foreign consumption basket. Finally, et denotes the RER or the price of

the home consumption basket relative to the foreign consumption basket.

Q(zt+1|zt) and Q∗(zt+1|zt) are the state-contingent prices in the home country and the foreign

country, expressed in units of the home and foreign consumption basket respectively. The variables

qn(z
t) and q∗x(z

t) denote the price of the home nontraded good in terms of the home consump-

tion basket, and the price of the home export good in terms of the foreign consumption basket,

respectively. At the end of the period, home Mertonian traders go to securities markets to buy

domestic and foreign state-contingent claim ah,t+1(z
t+1, ηt+1) and af,t+1(z

t+1, ηt+1), and they go

to the goods market to purchase c(zt, ηt) units of the home consumption basket, subject to the

following one-period budget constraint:

∑

zt+1

Q(zt+1|zt)ah,t+1(z
t+1, ηt) +

∑

zt+1

Q∗(zt+1|zt)
et(z

t)

et+1(zt+1)
af,t+1(z

t+1, ηt) + c(zt, ηt)

≤ at(z
t, ηt) + α

[
qn(z

t)Yn(z
t) +

q∗x(z
t)

et(zt)
Yx(z

t)

]
ηt, for all (zt, ηt).

Note that the numeraire is the home consumption basket. Investors can spend all of their nondi-

versifiable income and with which the accumulated wealth they entered the period.

Similarly, the net financial wealth a∗t (z
t, ηt) of a foreign Mertonian trader at the start of the

period consists of the net financial claims on the home endowment a∗ht(z
t, ηt−1) and the claims on
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the foreign endowment a∗ft(z
t, ηt):

a∗t (z
t, ηt−1) = a∗ht(z

t, ηt−1)et(z
t) + a∗ft(z

t, ηt−1).

For the foreign households, their budget constraint is specified in terms of the foreign consump-

tion basket. At the end of the period, the foreign Mertonian trader buys state-contingent claims

a∗ht(z
t, ηt) and a∗ft(z

t, ηt) in financial markets and consumes c∗(zt, ηt) units of the foreign consump-

tion basket. The flow budget constraint is given by

∑

zt+1,ηt+1

Q(zt+1|zt)a∗h,t+1(z
t+1, η∗t)

et+1(z
t+1)

et(zt)
+
∑

zt+1

Q∗(zt+1|zt)a∗t+1(z
t+1, η∗t) + c∗(zt, η∗t)

≤ a∗t (z
t, η∗,t−1) + α

[
q∗n(z

t)Y ∗
n (z

t) + qx(z
t)et(z

t)Y ∗
t (z

t)
]
η∗t , for all (zt, η∗t),

where q∗n(z
t) and qx(z

t) denote the price of the foreign nontraded good in terms of the foreign

consumption basket and the price of the foreign export good in terms of the home consumption

basket, respectively. Note that all investors are subject to non-negative net wealth constraints,

given by at(z
t, ηt) ≥ 0 and a∗t (z

t, ηt) ≥ 0.

Currency Markets Arbitrageurs These Mertonian investors are currency arbitrageurs in our

model. They enforce the no-arbitrage condition in the currency market, which governs the evolution

of exchange rates:

Q(zt+1|zt) = Q∗(zt+1|zt)
et(z

t)

et+1(zt+1)
.

Taking the logarithm of the no-arbitrage condition yields the following:

ln
et+1

et
= lnQt+1 − lnQ∗

t+1. (10)

Hence, the percentage rate of depreciation of the RER is determined by the percentage difference

between the home and foreign pricing kernels.
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2.5.2 Trading of Non-Mertonian Investors

The non-Mertonian investors are restricted to fixed portfolio weights. Their total asset holding

at the beginning of period t, is given by their asset position at the end of the previous period,

denoted by ât−1(z
t−1, ηt−1), multiplied by the gross portfolio return, Rp

t,t−1(z
t), which depends on

their fixed portfolio. These non-Mertonian investors face the following budget constraint for all

(zt, ηt):

ât(z
t, ηt) + c(zt, ηt) ≤ Rp

t,t−1(z
t)ât−1(z

t−1, ηt−1) + α

[
qn(z

t)Yn(z
t) +

q∗x(z
t)

et(zt)
Yx(z

t)

]
ηt,

where all variables are expressed in units of the home consumption basket. The gross return on

the fixed portfolio is given by

Rp
t,t−1(z

t, ηt) = ωRd
t,t−1(z

t) + (1− ω)Rf
t,t−1(z

t),

where ω denotes the fixed portfolio shares in domestic equities. In the case of nonparticipants, ω

is zero.

The budget constraint of the non-Mertonian investors in the foreign country is given by

â∗t (z
t, η∗t) + c∗(zt, η∗t) ≤ Rp,∗

t,t−1(z
t, η∗t)â∗t−1(z

t−1, η∗,t−1) + α
[
q∗n(z

t)Y ∗
n (z

t) + qx(z
t)et(z

t)Y ∗
x (z

t)
]
η∗t ,

for all (zt, η∗t). The gross return on the fixed portfolio is given by

Rp,∗

t,t−1(z
t, ηt) = ω∗Rd∗

t,t−1(z
t) + (1− ω∗)Rf∗

t,t−1(z
t),

where ω∗ denotes the fixed portfolio share in foreign equities. Finally, all investors are subject to

nonnegative net wealth constraints, given by ât(z
t, ηt) ≥ 0 and â∗t (z

t, ηt) ≥ 0.

The details of the household problem and its associated Euler equations are described in Ap-

pendix A.1 and A.2.
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2.6 Competitive Equilibrium

A competitive equilibrium for this economy is defined in the standard way. It consists of allocations

of consumption, allocations of bond and equity choices, and a list of prices such that (i) given these

prices, a trader’s asset and consumption choices maximize her expected utility subject to the budget

constraints, the nonnegative net wealth constraints, and the constraints on portfolio choices; and

(ii) all asset markets clear.

2.6.1 Pricing Kernel

We use a recursive multiplier method to solve for equilibrium allocations and prices. This approach

has the advantage that we can express the household consumption share, which is her consumption

c relative to aggregate consumption C, in terms of a ratio of his recursive multiplier, ζ , to a single

cross-sectional moment of the multiplier distribution, which we call h. To be precise,

c(zt, ηt)

C(zt)
=

ζ(zt, ηt)−
1

γ

ht(zt)
,

where ζ(zt, ηt) is the recursive Lagrangian multiplier of the domestic household and ht(z
t) is defined

as a −1/γ moment of ζ(zt, ηt) across traders. Please refer to Appendix A.3 for details. Similarly,

the same consumption sharing rule is applied for foreign investors:

c∗(zt, ηt)

C∗(zt)
=

ζ∗(zt, ηt)−
1

γ

h∗
t (z

t)

As a result, the home stochastic discount factor is given by the standard Breeden-Lucas expression

with a multiplicative adjustment:

Qt+1(z
t+1|zt) = β

(
C(zt+1)

C(zt)

)−γ (
ht+1(z

t+1)

ht(zt)

)γ

π(zt+1|z
t). (11)

This can be interpreted as the intertemporal marginal rate of substitution (IMRS) of an uncon-

strained domestic Mertonian investor. The foreign stochastic discount factor of the foreign country
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is given by

Q∗
t+1(z

t+1|zt) = β

(
C∗(zt+1)

C∗(zt)

)−γ (
h∗
t+1(z

t+1)

h∗
t (z

t)

)γ

π(zt+1|z
t); (12)

this can be interpreted as the IMRS of an unconstrained foreign Mertonian investor. As a result,

the percentage rate of depreciation of the RER is given by

∆ ln et+1 = −γ(∆ lnCt+1 −∆ lnC∗
t+1) + γ(∆ ln ht+1 −∆ ln h∗

t+1).

2.6.2 Segmentation Mechanism

The key mechanism of our model works through the concentration of global aggregate risk and

country-specific endowment risk among a small pool of investors. As we show later, our calibrated

model features a large pool of non-Mertonian investors whose exposure to both global risk and

country-specific risk is relatively low, given their low-risk and home-biased portfolios. In contrast,

a relatively small set of investors equipped with better trading technologies – the so-called Mer-

tonian investors – can accumulate a higher level of wealth and smooth consumption better. More

importantly, their sophisticated trading technologies allow them to share the country-specific risk

with foreign investors.

The heterogeneity of portfolio choices has a great impact on pricing. First, the concentration

of aggregate risk among a small group of Mertonian investors generates a high market price of

risk. Moreover, the equity home bias among non-Mertonian investors offers a good risk-sharing

opportunity among Mertonian investors across countries. Given the fact that Mertonian investors

are marginal traders who price risk, the pricing kernels could be highly correlated as a result of

sharing country-specific risk among them, despite the limited sharing capacity at the aggregate

level. In particular, the risk sharing at the aggregate level is restricted by a high degree of home

bias in consumption.

2.7 A Special Case: The Two-Period Model

To demonstrate the mechanism in our model, this subsection describes a special case with two

periods and the following simplified assumptions. First, the home and foreign countries are fully

symmetric. Second, the endowment in period 1 is nondiversifiable, freely traded, not subject to

uncertainty, and normalized to one unit of the consumption good; therefore, the exchange rate is
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unity in period 1. Third, the realization of each country’s endowment in period 2 is either 1 + g

in the high-endowment state or 1 − g in the low-endowment state, where g > 0. Hence, there

are four possible combinations of home and foreign endowments in period 2: (Y2(z2), Y
∗
2 (z2)) ∈

{(1 + g, 1 + g), (1 + g, 1 − g), (1 − g, 1 + g), (1 − g, 1 − g)}, and z2 ∈ {zhh2 , zhl2 , zlh2 , zll2 }, where the

superscript denotes the state of home and foreign endowments. Finally, there are only two types

of households in each country: Mertonian traders and nonparticipants. We continue to use the

superscripts me and np to represent the Mertonian traders and the nonparticipants, respectively.

Both types are assumed to have the same initial wealth and endowment in the first period, denoted

by Y1 and W1, respectively. The notations for the two-period model follow those in the previous

subsections except that the time subscripts are restricted to t = 1, 2.

First, consider the budget constraints for the home Mertonian traders:

Y1 +W1 = cme
1 + ame

2 ,

cme(z2) = α

[
qn(z2)Yn(z2) +

q∗x(z2)

e(z2)
Yx(z2)

]
+Rp

2(z2)a
me
2 ,

where Rp
2(z) is the portfolio return of Mertonian investors.

Next, the budget constraints for the home nonparticipants are

Y1 +W1 = cnp1 + anp2 ,

cnp(z2) = α

[
qn(z2)Yn(z2) +

q∗x(z2)

e(z2)
Yx(z2)

]
+Rf

2a
np
2 ,

where the risk-free rate, Rf
2 , is the return for nonparticipants.

2.7.1 Volatility and Correlation of Pricing Kernels

The second-period budget constraints suggest that both types of traders have the same exposure

to the nondiversifiable income risk. However, the diversifiable income of the non-Mertonian traders

is constant across the state, which has zero exposure to the aggregate risk. Therefore, the second-

period consumption of the Mertonian traders has higher aggregate risk exposure than that of

the nonparticipants. Hence, the Mertonian traders have more volatile consumption growth than

the nonparticipants. The concentration of risk among Mertonian traders is the main mechanism
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generating the volatile pricing kernels.

Specifically, first let us consider the two aggregate states, zhh2 and zll2 . In these two states, both

countries are symmetric, thus the RER must be 1: e(zhh2 ) = e(zll2 ) = 1. In other words, there is no

exchange rate risk in these two states. The non-diversifiable income, which is the same for both

types of traders, can be simplified to:

α

[
qn(z2)Yn(z2) +

q∗x(z2)

e(z2)
Yx(z2)

]
= α

[
θ +

(1− θ)

e(z2)

C∗(z2)

C(z2)

]
C(z2) = αC(z2),

where the first equality uses the property that the expenditure shares on the export good and the

nontraded good are θ and 1− θ, respectively (see Appendix A.4 for details).

As a result, the nonparticipants’ consumption share in period 2 in these two states becomes

cnp(zhh2 )

C(zhh2 )
= α +

Rf
2a

np
2

C(zhh2 )
and

cnp(zll2 )

C(zll2 )
= α +

Rf
2a

np
2

C(zll2 )

Given C(zhh2 ) > C(zll2 ), the consumption share of the nonparticipants is higher in the bad state, zll2 ,

than that in the good state, zhh2 . To clear the market, the consumption share of Mertonian traders

has to be the opposite. This implies that the nonparticipants bear less aggregate risk compared

with the Mertonian traders. Therefore, the Mertonian traders’ consumption in period 2 must be

higher in zhh2 and lower in zll2 . This is why the pricing kernel, which depends on the Mertonian

traders’ consumption growth, is volatile.

In the remaining aggregate states, zhl2 and zlh2 , these two countries have opposite direction of

consumption growth rates unless θ = 0.5. If the total income of nonparticipants has zero exposure

to the aggregate risk, then the consumption growth correlation among the Mertonian traders have

to be negative in these two states, which can significantly lower the correlation of the pricing kernels.

Hence, some degree of aggregate risk exposure for the nonparticipants’ nondiversifiable income is

essential for weakening the negative correlation of the pricing kernels in these two states. To see

why, consider the state zhl2 as an example. In this state, the consumption of the nonparticipants is

given by

cnp(zhl2 ) = α

[
θC(zhl2 ) +

(1− θ)

e(zhl2 )
C∗(zhl2 )

]
+Rf

2a
np
2 ,

which tends to increase (with θ > 0.5) because of the aggregate risk exposure on the nondiversifiable

income. Note that the Mertonian traders still load up aggregate risk in this state, while they
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can share risk with others by trading state-contingent claim across countries. Their risk-sharing

behaviors also mitigate the movement of the RER and increase the consumption growth correlation

among Mertonian traders across countries.

3 Quantitative Results

We calibrate our model to evaluate the extent to which our model can account for the international

correlation in pricing kernels, the volatility of the pricing kernel and the volatility of the RER seen

in the data. Our benchmark model considers a symmetric two-country model in which both

countries have identical preferences, portfolio restrictions, and shock processes. The benchmark

model is calibrated to match several key features of data, including the data on trade in goods and

assets. We then perform a number of counterfactual exercises to examine the effects of a home

bias in consumption on the dynamics behaviors of the RER and asset pricing.

In subsection 3.4, we demonstrate the effects of a home bias in consumption by varying the

parameter θ. In addition, in subsection 3.5, we consider changes in the trader pool to highlight

the role of equity market participation. The last subsection removes the heterogeneity of trading

technologies – while keeping the home bias in consumption – to emphasize the importance of

different trading technologies.

3.1 Calibration

The home country in our model is set to the United States. The foreign country is an aggregation

of four countries: France, Germany, Japan, and the United Kingdom. We collect annual data from

International Financial Statistics from 1980 to 2012. The share of U.S. gross domestic product

(GDP) in our hypothetical world economy is on average 52%, which is close to half. Thus, we

assume an equal size for home and foreign economies. For simplicity and the demonstration of

our mechanism, we set parameters such that the two economies are fully symmetric. Given that

condition, all the parameters we calibrate applied to both countries.

First, we set 1 − θ, or the home bias parameter, to half of our hypothetical world’s ratio of

trade to GDP, which is 0.16. Given θ, the consumption growth process in each country is pinned

down by the endowment process because of the preference assumption. The innovation terms in

the output shock process, or ε and ε∗, are calibrated into a four-state first-order Markov chain to
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match the following statistics: (1) The consumption growth correlation between two countries is

0.172 (2) The average consumption growth of each country is 2.13% with a standard deviation of

2.36% and (3) ρ is set to 0.95. The resulting correlation of home and foreign endowment growth

is −0.21.

We also consider a two-state first-order Markov chain for idiosyncratic shocks. The first state is

low and the second state is high. Following Storesletten, Telmer, and Yaron (2004), we calibrate this

shock process by two moments: the standard deviation of idiosyncratic shocks and the first-order

autocorrelation of shocks, except that we eliminate the countercyclical variation in idiosyncratic

risk. The Markov process for the log of the nondiversifiable income share, or log η, has a standard

deviation of 0.71 and its autocorrelation is 0.89. The transition probability is denoted by

π(η′| η) =


 0.9450 0.0550

0.0550 0.9450


 .

The two states of the idiosyncratic shocks, whose mean is normalized to 1, are ηL = 0.3894 and

ηH = 1.6106.

Following Mendoza, Quadrini, and Rios-Rull (2009), the fraction of nondiversifiable output is set

to 88.75%. As shown in Section 2, equities in our model are simply leveraged claims to diversifiable

income. Following Abel (1999) and Bansal and Yaron (2004), the leverage ratio parameter is set

to 3.

The model operates at an annual frequency. We set the time discount factor β = 0.95 to deliver

the low risk-free rate. The risk-aversion rate γ is set to 5.5 to help to produce a high risk premium

in our benchmark calibration.

To match a high market price of risk, a small fraction of Mertonian traders must absorb a

large amount of aggregate risk. We therefore set the fraction of Mertonian traders to 5% for

both countries. Since 50% of U.S. investors do not hold stocks (according to the 2010 Survey of

Consumer Finance data), we set 50% of investors as nonparticipants. The remaining investors are

non-Mertonian equity investors, and they represent 45%. We set their portfolio shares of home

equities and the home risk-free bonds to 25% and 75%, respectively.
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3.2 Computation

The equilibrium RER in our model is stationary. Thanks to the assumption of symmetry, the

endowment processes of both countries share the same trend. Therefore, the ratio of aggregate

consumption between these two countries is stationary. Since the consumption shares of each type

of trader are bounded above and below, the ratio of consumption of home to foreign domestic

traders has to be finite and stationary. The RER is also equal to the relative marginal utility of

consumption between home and foreign unconstrained Mertonian investors. Therefore, the RER

is stationary if there is a nonzero measure of non-binding Mertonian traders for both countries

in every possible state, because the relative consumption share of home and foreign Mertonian

investors is stationary.

Given that the RER et is stationary, it cannot depend on the entire aggregate history zt.

Importantly, h and h∗ do depend on the entire aggregate history, but the log difference, which

determines the RER, has to be stationary. In other words, h and h∗ have to share the same

stochastic trend for the RER to be stationary.

We use zk ∈ A as summary statistics for the aggregate history in each country. We assume

that the level of the RER depends only on the summary statistics zk. The RER at a grid point

zk ∈ A can be derived from the pricing kernels as follows:

et(zk) =
P (zk)

P ∗(zk)
=

C(zk)
−γh(zk)

γ

C∗(zk)−γh∗(zk)γ
=

(
m∗

t (zk)

mt(zk)

)−γ(1−2θ)
h(zk)

γ

h∗(zk)γ
,

where P and P ∗ denote for time-zero prices for home and foreign consumption, respectively (see

Appendix A for details).

We define ln( h(zk)
h∗(zk)

) ≡ b(zk). Given the stationarity condition, the RER can be written only as

a function of the summary statistics for aggregate history:

ln e(zk) = γ(2θ − 1) ln

(
m∗(zk)

m(zk)

)
+ γb(zk) (13)

In our computation, we record the growth rate of h and h∗. Given the stationarity of et, the

innovation in h at home and abroad has to satisfy

ln

(
h(z′k)

h(zk)

)
− ln

(
h∗(z′k)

h∗(zk)

)
= b(z′k)− b(zk) ≡ ∆(z′k, zk). (14)
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Given {b(zk), ln
(

h(z′
k
)

h(zk)

)
,ln
(

h∗(z′
k
)

h∗(zk)

)
}, we can completely characterize an equilibrium of this

economy, because we have the equilibrium prices, the RERs, and the allocations. See Appendix B

for details.

3.3 Quantitative Results of the Benchmark Case

We report the model statistics for the benchmark case in Table I. Taking a standard deviation

of equation (10) together with the assumption of symmetric countries, the standard deviation of

RER depreciation in our model is determined by the moments of pricing kernels as follows:

σ(∆ ln et+1) = σ(lnQ)
√
2(1− ρ(lnQ, lnQ∗)). (15)

According to (15), the standard deviation of RER depreciation is increasing in the standard devi-

ation of the pricing kernels and decreasing in the international correlation in the pricing kernels.

Our benchmark economy delivers high volatility and high correlation of pricing kernels, and

these statistics are extremely close to the observed statistics. The standard deviation of the pricing

kernels in the model is 0.42 and the correlation of the pricing kernels is 97.5%. According to

(15), these statistics imply that the standard deviation of RER depreciation is 9.4%, whereas

the observed volatility is 13%. Hence, our calibrated model is capable of producing reasonable

volatility of the RER and the pricing kernels, despite the low international correlation in aggregate

consumption.

The success of matching the pricing data under very limited consumption risk sharing relies on

two mechanisms governing the two moments in (15). The first mechanism is the uneven distribution

of aggregate risk and country-specific risk across population. The uneven distribution of risk is

caused by investors’ heterogeneous portfolio choices. Given that the non-Mertonian investors bear

only a relatively small share of the aggregate risk, most of the aggregate risk is borne by Mertonian

investors. The concentration of risk among a small set of investors leads to high volatility of the

pricing kernels. The second mechanism relies on the ability of the Mertonian investors in the two

countries to bear aggregate risk and share country-specific risk among themselves. Therefore, their

consumption tends to synchronize, which produces highly correlated pricing kernels.

Also, as a group consumption and portfolio choices of the Mertonian investors are less restricted

by the presence of nontraded consumption than those of the non-Mertonian investors because they

20



represent only a small share of the population. However, if the international trade in goods is

completely shut down, then there is no reasons for Mertonian investors to hold any external asset.

We demonstrate in the next subsection that international trade is essential for the Mertonian

investors to share risk across countries.

In Table I, last three rows shows the moments of consumption by investor group. The correlation

of consumption and aggregate consumption for the non-Mertonian traders is almost perfect, 0.975,

and the corresponding correlation for the Mertonian traders is much lower, 0.725. The correlation

of consumption and income is higher for the non-Mertonian equity traders. We can compare this

ranking with the estimates of income elasticity of demand in Hummels and Lee (2013). These

authors use the U.S. consumer expenditure survey (CEX) data from 1994 to 2010 to estimate the

income elasticity of demand for export goods for each percentile of income distribution. They find

that the investors’ income elasticity of demand for export goods is decreasing in household income.

In our model, the income elasticity of demand for export goods is identical to the income elasticity

of demand for final consumption. Therefore, our ranking of the income elasticity of demand will be

consistent with theirs if the Mertonian traders have higher income than the non-Mertonian equity

traders. This is the case in our model, because the Mertonian traders accumulate a larger amount

of high-return assets than the non-Mertonian equity traders.

The last row in Table I shows the standard deviation of the Mertonian traders’ consumption

relative to the standard deviation of the non-Mertonian equity traders consumption. This ratio in

our model is 3.970, indicating that the Mertonian traders’ consumption is more volatile. There are

two reasons for this. First, the Mertonian traders share aggregate risk among themselves, while

the non-Mertonian equity traders do not. Second, the idiosyncratic income shocks do not matter

to volatility of aggregate consumption within the group, thanks to the assumption of the law of

large numbers. The ranking of consumption volatility in our model is consistent with the evidence

in Parker and Vissing-Jorgensen (2009). Using the CEX survey data from 1982 to 2004, they

find that the top 5% of investors are estimated to be about 4.5 times more exposed to aggregate

consumption shocks than those in the bottom 80%.

[Table 1 about here.]
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3.4 Impacts of Home Bias in Consumption

In this subsection, we investigate the role of a home bias in consumption. Intuitively, without

a home bias in consumption and without the nontraded good, the law of one price holds and

the RER is constant. In this case, investors achieve full risk sharing through international goods

markets regardless of frictions in financial markets. To the contrary, if there is no trade due to

either a complete home bias or prohibitively large trade frictions, then there will be no incentives

for investors to hold external assets.

To explore the impacts of a home bias in consumption on the RER volatility, we consider two

exercises. First, we increase the share of the home goods in final consumption expenditure from

0.84 to 0.95, which significantly reduces the volume of trade in goods. The second column of Table

II shows these results. There is virtually no change in the volatility of pricing kernel, while the

correlation of pricing kernels drops from 0.975 to 0.892.

A higher degree of home bias in consumption implies that consumers are less inclined to consume

the foreign good and hence reduces the incentive to share the country-specific risk with foreign

consumers. As a result, the international correlation in consumption growth falls from 16.9% to

−10.9%. The fall in the correlation of consumption growth can also be understood by equation

(5). As θ approaches unity, the correlation of consumption growth approaches to the correlation

of endowment growth, which is −21%.

Evidently, a high degree of home bias in consumption significantly reduces the correlation in

the pricing kernels, even though only a small fraction of investors are sharing the country-specific

risk. Given equation (15), conditioning on unchanged volatility of the pricing kernels, the sharp

fall in the correlation in the pricing kernels produces a sharp increase – as much as 20% – in the

RER volatility. The magnitude is more than double that in the benchmark case. Such a positive

impact of a home bias in consumption on the RER volatility is similar to the model by Warnock

(2003), in which the RER is volatile as a result of nominal shocks.

The second exercise involves the removal of home bias in consumption by setting the share of

the nontraded goods in consumption expenditure at 0.5. The third column of Table II confirms

that without a home bias in consumption the RER is not volatile, although the pricing kernel is as

volatile as in the benchmark case. In this case, the domestic pricing kernel is perfectly correlated

with the foreign pricing kernel, as predicted by equation (5), and consequently international risk

sharing is complete. Therefore, according to (15) the perfect correlation in pricing kernels produces

zero standard deviation of the RER.
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These two exercises demonstrate that the home bias in consumption is necessary for generating

RER volatility, although a too-high degree of home bias in consumption can generate higher RER

volatility than the data. In other words, international trade in goods is critical for international

risk sharing. This insight from our model is novel, compared with the existing models, that explain

RER volatility as a result of international trade in assets without international trade in goods, such

as Alvarez, Atkeson, and Kehoe (2002) and Colacito and Croce (2011). Moreover, our finding is

supported by the recent empirical evidence of Fitzgerald (2012). She finds that trade costs impede

risk sharing among developed countries, but financial frictions do not impede risk sharing among

them. Her finding suggests that international trade in goods is necessary for international risk

sharing, as in our model.

[Table 2 about here.]

3.5 Changes in Composition of Traders

In this subsection, we vary the composition of traders to examine the impacts of distribution of

aggregate risk on the volatility of the RER, that of the pricing kernels, the international correlation

of pricing kernels, and that of consumption growth.

First, we vary equity market participation rate by changing the relative size of population

between the nonparticipants and the non-Mertonian equity traders, while keeping the size of the

Mertonian traders constant. In columns (2) and (3) of Table III, we reduce the size of the non-

participants from 50% to 40% and 30%, respectively. The results show that, as the equity market

participation rate increases, country-specific risk becomes less concentrated among the Mertonian

traders. Thus, the volatility of pricing kernel falls as the the equity market participation rate

increases. A 10% increase in the equity market participation rate reduces the standard deviation

of the pricing kernels by roughly 3% to 4%.

Since the equity portfolio held by the new equity traders is biased toward the domestic equity,

their increasing participation forces the Mertonian traders to bear relatively higher residual risk

from abroad. As a result, the Mertonian traders increase risk sharing across borders and, as

a result, the correlation of the pricing kernels increases. A 10% increase in the equity market

participation rate raises the correlation by 0.1% to 0.2%. Overall, according to equation (15), both

the increase in the correlation of the pricing kernels and the decrease in their volatility reduce the

RER volatility. Quantitatively, a 10% increase in the equity market participation rate reduces the
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standard deviation of the RER by roughly 1%.

Next, we vary the composition of the equity market participants, holding the population size

of nonparticipants unchanged. In columns 4-5 of Table III, we increase the population size of the

Mertonian traders from 5% to 10% and then to 20%, respectively. As the size of the Mertonian

traders increases, aggregate risk becomes less concentrated among them. Thus, the volatility of

the pricing kernels falls. As the size of the Mertonian traders increases from 5% to 10% and 10%

to 20%, the standard deviation of the pricing kernels falls 7.9% and 8.2%, respectively.

In addition, an increase in the size of the Mertonian traders reduces the residual risk that is

shared with their foreign counterparts; therefore the correlation of pricing kernels decreases. As

we increase the size of the Mertonian traders in columns (4) and (5), the correlation of the pricing

kernels falls from 97.5% to 95.7% and to 90.5%, respectively.

According to equation (15), the decrease in the correlation of the pricing kernels and the decrease

in their volatility have competing effects on the RER volatility. Quantitatively, the decrease in

the correlation of the pricing kernels dominates and the RER volatility increases as a result of an

increase in the size of the Mertonian traders.

[Table 3 about here.]

Finally, the last column in Table III explores the impacts of financial deepening by assuming

that all investors are Mertonian traders. Hence, all investors respond to the change in investment

opportunities in every period by optimally adjusting their portfolios and make no investment

mistakes. Compared with the benchmark case, the standard deviation of RER in column (6) is

significantly reduced to 0.131. The reason is that aggregate risk is equally distributed over the

entire population, especially within a country. Consequently, there is little residual risk to share

across borders. For this reason, the correlation of the pricing kernels falls significantly from 0.975

to only 0.387.

4 Conclusion

We use a general equilibrium model with asset trading restrictions and consumption home bias

to demonstrate that RER volatility is related to frictions in both goods and financial markets.

The asset trading restrictions imposed in our model are in line with the empirical evidence in

the household finance literature. With a realistic assumption that most investors do not actively
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participate in the domestic and foreign equity markets, we reconcile highly correlated and volatile

pricing kernels with low correlation in consumption growth.

The insight from our model is that the high cross-country correlation in the pricing kernels is

not necessarily evidence of a high degree of international risk sharing. In particular, international

risk sharing is aggressively undertaken by a small fraction of sophisticated investors facing no

restrictions on asset trade. Despite the small size of fraction, these investors are the currency

arbitrageurs and their portfolio adjustment determines RER volatility. In fact, their portfolio

adjustment generates a positive correlation between the RER and relative consumption growth, as

in equation (10). Hence, our model has not solved the Backus-Smith puzzle, which documents a

negative correlation between the RER and relative consumption growth.
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Table I: Benchmark Results

Benchmark Data

σ(lnQ) = σ(lnQ∗) 0.423 0.40

σ(∆ ln e) 0.094 0.13

ρ(lnQ, lnQ∗) 0.975 0.95

ρ(∆ lnC,∆ lnC∗) 0.169 0.171

ρ(∆ ln c,∆ lnC)Mertonian 0.725 Low

ρ(∆ ln c,∆ lnC)Non−Mertonian 0.975 High

σ(∆ ln c)Mertonian

σ(∆ ln c)Non−Mertonian
3.970 4.5

The simulation results are based on 18, 000 agents for each type and 10, 000 periods.
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Table II: Results of Variation in Home Bias in Consumption

Benchmark: θ = 0.84 θ = 0.95 θ = 0.5

E(Trade/GDP) 0.32 0.10 1.00

σ(lnQ) = σ(lnQ∗) 0.423 0.435 0.419

σ(∆ ln e) 0.094 0.202 0

ρ(lnQ, lnQ∗) 0.975 0.892 1

ρ(∆ lnC,∆ lnC∗) 0.169 −0.109 1

The simulation results are based on 18, 000 agents for each type and 10, 000 periods.
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Table III: Results of Variations in the Trader Pool

(1) Benchmark (2) (3) (4) (5) (6)

Population size of investors

Mertonian 0.05 0.05 0.05 0.10 0.20 1.00

Non-Mertonian 0.45 0.55 0.65 0.40 0.30 0

Nonparticipants 0.50 0.40 0.30 0.50 0.50 0

σ(lnQ) = σ(lnQ∗) 0.423 0.396 0.360 0.344 0.262 0.119

σ(∆ ln e) 0.094 0.087 0.076 0.101 0.115 0.131

ρ(lnQ, lnQ∗) 0.975 0.976 0.978 0.957 0.905 0.387

ρ(∆ lnC,∆ lnC∗) 0.169 0.169 0.169 0.169 0.169 0.169

The simulation results are based on 18, 000 agents for each type and 10, 000 periods.
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A Time-Zero Trading Household Problem

A.1 Time-Zero Trading

We describe an equivalent version of this economy in which all households trade at time zero.

The time-zero price of a claim that pays one unit of consumption in node zt can be constructed

recursively from the one-period-ahead Arrow prices:

P (zt)π(zt) = Q(zt|z
t−1)Q(zt−1|z

t−2)...Q(z1|z
0)Q(z0),

P ∗(zt)π(zt) = Q∗(zt|z
t−1)Q∗(zt−1|z

t−2)...Q∗(z1|z
0)Q∗(z0).

The real exchange rate is the ratio of Arrow-Debreu prices in node zt:

et(z
t) =

P (zt)

P ∗(zt)
.

The net financial wealth position of any trader in the home country given the history can be stated

as

−at(z
t, ηt) =

∑

s≥t

∑

(zs,ηs)�(zt,ηt)

P̃ (zs, ηs)

[
α

(
Pn(z

s)

P (zs)
Yn(z

s) +
P ∗
x (z

s)

P (zs)
Yx(z

s)

)
ηs − c(zs, ηs)

]
,

where P̃n(z
t, ηt) = π(zt, ηt)Pn(z

t). Similarly, the asset position of any foreign trader is

−a∗t (z
t, ηt) =

∑

s≥t

∑

(zs,ηs)�(zt,ηt)

P̃ (zs, ηs)

[
α

(
P ∗
n(z

s)

P ∗(zs)
Y ∗
n (z

s) +
Px(z

s)

P ∗(zs)
Y ∗
x (z

s)

)
ηs − c∗(zs, ηs)

]
,

where P̃ ∗
n(z

t, ηt) = π(zt, ηt)P ∗
n(z

t). From the above equation, we are able to write the household

problem in the form of time-zero trading fashion as shown in the next subsection.
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A.2 Household Optimization Problem

Following Chien, Cole, and Lustig (2011), we state the household problem in this Arrow-Debreu

economy.

A.2.1 Mertonian Traders

We start with the Mertonian traders’ problem in the home country. There are two constraints. Let

χ denote the multiplier on the present value budget constraint and ϕ(zt, ηt) denote the multiplier

on debt constraints. The saddle-point problem of a Mertonian trader can be stated as follows:

L = min
{χ,ν,ϕ}

max
{c,a}

∞∑

t=1

βt
∑

(zt,ηt)

u(c(zt, ηt))π(zt, ηt)

+χ





∞∑

t=1

∑

(zt,ηt)

P̃ (zt, ηt)

[
α

(
Pn(z

t)

P (zt)
Yn(z

t) +
P ∗
x (z

t)

P (zt)
Yx(z

t)

)
ηt − c(zt, ηt)

]
+ a0(z

0)





−

∞∑

t=1

∑

(zt,ηh,t)

ϕt(z
t, ηt)





∑

s≥t

∑

(zs,ηh,s)�(zt,ηh,t)

P̃ (zs, ηs)

[
α

(
Pn(z

s)

P (zs)
Yn(z

s) +
P ∗
x (z

s)

P (zs)
Yx(z

s)

)
ηs − c(zs, ηs)

]




.

The first-order condition with respect to consumption is given by

βtu′(c(zt, ηt)) = ζ(zt, ηt)Px(z
t) for all (zt, ηt), (16)

where ζ(zt, ηi,t) is defined recursively as

ζt(z
t, ηt) = ζt−1(z

t−1, ηt−1)− ϕt(z
t, ηt),

with initial ζ0 = χ. It is easy to show that this is a standard convex constraint maximization

problem. Therefore, the first-order conditions are necessary and sufficient.
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A.2.2 Non-Mertonian Traders

Non-Mertonian traders face additional restrictions on their portfolio choices. Let νt(z
t, ηt) denote

the multiplier on portfolio restrictions. Given the same definition of other multipliers as in the

active trader problem, the saddle-point problem of a nonparticipant trader whose asset in the end

of the period is ât−1(z
t−1, ηt−1) in the home country can be stated as

L = min
{χ,ν,ϕ}

max
{c,â}

∞∑

t=1

βt
∑

(zt,ηt)

u(ct(z
t, ηt))π(zt, ηt)

χ





∞∑

t=1

∑

(zt,ηt)

P̃ (zt, ηt)

[
α

(
Pn(z

t)

P (zt)
Yn(z

t) +
Px(z

t)

P (zt)
Yx(z

t)

)
ηt − c(zt, ηt)

]
+ a0(z

0)





+

∞∑

t=1

∑

(zt,ηh,t)

νt(z
t, ηt)





∑
s≥t

∑
(zs,ηs)�(zt,ηt) P̃ (zs, ηs)

[
α
(
Pn(zs)
P (zs) Yn(z

s) + P ∗

x (z
s)

P (zs) Yx(z
s)
)
ηs − c(zs, ηs)

]

+P̃ (zt, ηt)Rp
t,t−1(z

t)aeit−1(z
t−1, ηt−1)





−

∞∑

t=1

∑

(zt,ηh,t)

ϕt(z
t, ηt)




∑

s≥t

∑

(zs,ηs)�(zt,ηt)

P̃ (zs, ηs)

[
α

(
Pn(z

s)

P (zs)
Yn(z

s) +
P ∗
x (z

s)

P (zs)
Yx(z

s)

)
ηs − c(zs, ηs)

]
 .

The first-order condition with respect to consumption is given by

βtu′(c(zt, ηt)) = ζ(zt, ηt)Px(z
t) for all (zt, ηt),

where ζ(zt, ηh,t) is defined as

ζt(z
t, ηt) = ζt−1(z

t−1, ηt−1) + νt(z
t, ηt)− ϕt(z

t, ηt).

Therefore, the first-order condition with respect to consumption is independent of trading restric-

tions. The first-order condition with respect to total asset holdings at the end of period t − 1,
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ât−1(z
t−1, ηt−1), is

∑

(zt,ηt)

Rp
t,t−1(z

t)νt(z
t, ηt)P (zt)π(zt,ηt) = 0 for all zt, ηt.

This condition varies according to different trading restrictions.

A.2.3 First-Order Condition of Foreign Households

Similarly, the first-order condition (FOC) respect to consumption for all foreign investors is

βtu′(c∗(zt, ηt)) = ζ∗(zt, ηt)P ∗(zt) for all (zt, ηt),

and the first-order condition with respect to the asset choice for foreign non-Mertonian traders is

∑

(zt,ηt)

Rp,∗
t,t−1(z

t)ν∗
t (z

t, ηt)P ∗(zt)π(zt,ηt) = 0 for all zt, ηt.

A.3 Stochastic Discount Factor

By summing the first-order conditions with respect to consumption, equation (16), across all

domestic households at period t, we can obtain the price of home consumption basket at state zt:

P (zt) = βtC(zt)−γht(z
t)γ

where ht(z
t) is defined as ht(z

t) ≡
∑
ηt

ζ(zt, ηt)−
1

γ .

Therefore, the home stochastic discount factor is given by the Breeden-Lucas stochastic discount

34



factor (SDF) with a multiplicative adjustment:

Qt+1(z
t+1|zt) ≡

P (zt+1)

P (zt)
= β

(
C(zt+1)

C(zt)

)−γ (
ht+1(z

t+1)

ht(zt)

)γ

. (17)

Similarly, we can derive the stochastic discount factor of the foreign country:

Q∗
t+1(z

t+1|zt) ≡
P ∗(zt+1)

P ∗(zt)
= β

(
C∗(zt+1)

C∗(zt)

)−γ (h∗
t+1(z

t+1)

h∗
t (z

t)

)γ

(18)

A.4 Price of the Final Consumption Good

We start by analyzing the home country’s price index. Let P (zt) be the price level in the home

country. The price level represents the minimum expenditure on c(zt) = cn(z
t, ηt)θcx(z

t, ηt)1−θ. To

find the price level,we solve the cost minimization problem:

max
Yn(zt),Y ∗

x (zt)
P (zt)Yn(z

t)θY ∗
x (z

t)1−θ − Pn(z
t)Yn(z

t)− Px(z
t)Y ∗

x (z
t).

The first-order condition implies that

Pn(z
t)

P (zt)
= θYn(z

t)θ−1Y ∗
x (z

t)1−θ = θ
C(zt)

Yn(zt)

Px(z
t)

P (zt)
= (1− θ)Yn(z

t)θY ∗
x (z

t)−θ = (1− θ)
C(zt)

Y ∗
x (z

t)

Next, we analyze the same problem for the foreign country:

P ∗
n(z

t)

P ∗(zt)
= θY ∗

n (z
t)θ−1Yx(z

t)1−θ = θ
C∗(zt)

Y ∗
n (z

t)
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The first-order condition implies that

P ∗
x (z

t)

P ∗(zt)
= (1− θ)Y ∗

n (z
t)θYx(z

t)−θ = (1− θ)
C∗(zt)

Yx(zt)
.

B Computational Algorithm

In the spirit of Chien, Cole, and Lustig (2011), we develop the following computational algorithm.

Algorithm 1. Computational algorithm:

1. Guess a function for the exchange rates et(zk) as well as the updating rule at home
h(z′

k
)

h(zk)
and

abroad
h∗(z′

k
)

h∗(zk)
.

2. Since the consumption process is governed by the endowment shock process, the state-contingent

price is determined by

Q(z′k; zk) ≡
P (z′k)

P (zk)
= β

(
C(z′k)

C(zk)

)−γ (
h(z′k)

h(zk)

)γ

Q∗(z′k; zk) ≡
P ∗(z′k)

P ∗(zk)
= β

(
C∗(z′k)

C∗(zk)

)−γ (
h∗(z′k)

h∗(zk)

)γ

.

3. The level of the exchange rate is given by

et(zk) =
P (zk)

P ∗(zk)
=

C(zk)
−γht(zk)

γ

C∗(zk)−γh∗
t (zk)

γ
=

(
m∗

t (zk)

mt(zk)

)−γ(1−2θ)
ht(zk)

γ

h∗
t (zk)

γ
.

4. Given prices, solve the optimization problem of each individual investor.

5. Simulate the economy and derive the implied new exchange rate function, et(zk), and the new

36



updating rule for
h(z′

k
)

h(zk)
and

h∗(z′
k
)

h∗(zk)

6. Compare the original guess with the new implied value. If they are the same, we have an

equilibrium; otherwise, we iterate et(zk),
h(z′

k
)

h(zk)
, and

h∗(z′
k
)

h∗(zk)
.

In our simulation panel, we cannot observe h and h∗ in levels; h and h∗ are nonstationary,

but we need the level of h to compute the exchange rate. However, h and h∗ have to share a

common stochastic trend, given that e is stationary. We can derive the growth rate of h and h∗ as

a function of the truncated aggregate histories. The stationarity of et implies that it can be stated

as a function of the truncated aggregate history:

ln

(
h(z′k)

h(zk)

)
− ln

(
h∗(z′k)

h∗(zk)

)
= b(z′k)− b(zk) ≡ ∆(z′k, zk). (19)

If we know b(zk) for all possible zk ∈ A, then we know the exchange rate e(zk) and ∆(z′k, zk).

We use H(z′k, zk) to denote the average growth rate:

H(z′k, zk) ≡
ln
(

h(z′
k
)

h(zk)

)
+ ln

(
h∗(z′

k
)

h∗(zk)

)

2
. (20)

From equations (19) and (20), we know that the growth rate of h in a particular country is

given by:

ln

(
h(z′k)

h(zk)

)
= H(z′k, zk) +

∆(z′k, zk)

2

ln

(
h∗(z′k)

h∗(zk)

)
= H(z′k, zk)−

∆(z′k, zk)

2
.

Given this investment in notation, we can now describe the updating process
h(z′

k
)

h(zk)
,
h∗(z′

k
)

h∗(zk)
, and
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et(z
t)

Algorithm 2. Simulation steps:

1. In each zk, update the growth rate of h and h∗, denoted by ln
(

h(z′
k
)

h(zk)

)
sim

and ln
(

h∗(z′
k
)

h∗(zk)

)
sim

,

respectively.

2. From equation (20), the updated guess of H is given by

Hnew(z
′
k, zk) =

ln
(

h(z′
k
)

h(zk)

)
sim

+ ln
(

h∗(z′
k
)

h∗(zk)

)
sim

2
.

3. The updated guess of bnew(zk) is the solution of the following minimization problem:

bnew(zk) = argmin
b(zk)

(
E

[(
h(z′k)

h(zk)

)
−

(
h(z′k)

h(zk)

)

sim

]2
+ E

[(
h∗(z′k)

h∗(zk)

)
−

(
h∗(z′k)

h∗(zk)

)

sim

]2)
,

such that

ln

(
h(z′k)

h(zk)

)
= Hnew(z

′
k, zk) +

∆(z′k, zk)

2

ln

(
h∗(z′k)

h∗(zk)

)
= Hnew(z

′
k, zk)−

∆(z′k, zk)

2

and

∆(z′k, zk) = b(z′k)− b(zk).

4. The updated guess of e(zk) and the growth rate of h and h∗ are therefore

ln enew(zk) = γ(2θ − 1) ln

(
m∗(zk)

m(zk)

)
+ γbnew(zk) (21)

38



ln

(
h(z′k)

h(zk)

)

new

= Hnew(z
′
k, zk) +

∆new(z
′
k, zk)

2

ln

(
h∗(z′k)

h∗(zk)

)

new

= Hnew(z
′
k, zk)−

∆new(z
′
k, zk)

2
,

where

∆new(z
′
k, zk) = bnew(z

′
k)− bnew(zk).
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